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The d i f f e r e n t  algebraic and geometric s t a b i l i t y  c r i t e r i a  pre-  

suppose p a r t i c u l a r  algebraic and function-theoretic knowledge with 

which every engineer i s  not familiar. Besides, the  r e l a t i o n  between 

the appl ica t ion  of these c r i t e r i a  and t h e i r  der ivat ion is  not so 

simple tha t  it i s  possible t o  have t h i s  r e l a t i o n  present during i t s  

appli-cation. 

the contr ibut ion i s  e a s i l y  rea l ized  t h a t  each s t e p  of the calcula-  

For the following simply establ ished s t a b i l i t y  c r i t e r i o n ,  

\ t i o n  answers the s t a b i l i t y  question. 

The close connection of t h i s  c r i t e r i a  with the c r i t e r i o n  of J. 

SchLcr i s  given a t  the end. 

We l i m i t  ourselves*to the most inportant  engineering case of 

p o s i t i v e  r e a l  coeff i c i c n t s  and introduce the pos i t ive  real parameter 

X, i n t o  the pol-ynomial equation 

formed from 

and 

i n  which we n u l t i p l y  h(p) by XI. 
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If Ap = 0 has 

N1 roots  with pos i t i ve  real p a r t  ( R > O )  

N 2  roots  trith negative r e a l  p a r t  ( R < O )  

N3 roo t s  on the imaginary axis (R = 0) 

then :k l (p)  has j u s t  so many roots  i n  each of the  two half-planes 

and on the  irnaginary axis. By means of the  introduct ion of X1, no 

roots  can leave the imaginary axis or Cross or move on the  imaginary 

ax is .  This follows sinply from the  theorem t h a t  t h e  pos i t i on  of the  

in t e r sec t ion  of the  roo t  curves 0 
P(X,Y) = 0 

Q(x,Y) = 0 

of 

(P) = P(x,y) + iQ(x,y) = 0 p = x t i y  

v i t h  the  imaginary axis i s  independent of X, > 0. 

Tlizse in t e r sec t ion  points  y are yielded as roots  of equation 

(3) f o r  x = 0; the  equations a r e  

Po(y) = co - e a *  + c 4 p  - ... = 0 . .  

Q ~ ( Y  = clyl - C j y 3  + c5y= - ... = 0 

By t h i s  means, the  equations $of the roo t  curves f o r  a 1 ( p )  

from those f o r  A(p) only i n  t h a t  Qo(y) i s  mul t ip l ied  by X,. 

d i f f e r  

The roo t  curves of A(p) and b , ( p )  therefore  cu t  the  imaginary 

axis i n  the same points  as those denoted i n  the representat ion of 
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the  f i r s t  example Wily t ines.  therefore has t h e  same value for 

equations (1) and (9)- 

Since f u r t h e r  t he  r o o t s  of (1) are continuous functions of t h e  

e q i a t i n r s  of t he  coe f f i c i en t s  then no real  p a r t  of a roo t  of 

can c'lange i t s  s ign  because of +he  iytrodcction of XI. Nanely if 

4(p) 

a roo t  call cross the  imaginary a x i s ,  then it. mist a l s o  give a value 

of Xl for whicli RrC. T ' i i s  i s  i-rr.pnssible, %owever, s ince  XI 

' e a - ' ~ s  i m a r i a n t  t he  i n t e r s e c t i w  of t h e  root cv.r es with the ixagia- 

arx- a x i s  

trliere p1 i s  a negative r e a l ,  f o r  cxar-?l.e, p, = 1. then 

4A,(P) = d P ) * h ( Q )  - d P l ) h ( P )  = 0 ( 5 )  

'%is expression vanishes for 

7 - 9. sq that  ve ob",in the equation ?f (n - l ) s t j  degree 

13 -- p1; i t  i s  tnerefore  d i v i s i b l e  by 

EXP)h(Pl) -rdP1N?d 

:-hat has i n  the  negative half-plane one r o o t  less than the  i n i t i a l .  

equation- we have t o  force it by means of a choice of the paranetcr  

Xl neares: t o  the roo t  plr  which we have then sp l - i t  off .  

It (6) prodllces a s ign  change then one -1ust proceed v i t h  (6) - 
a s  with ( l )  whereby. however. onc can s ~ l i t  qff also an4?ther arbi$rary 
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r e a l  negative roo t  of pi (sf --l).One thus obtains an equation of 

degree n-2 with the number of roots  N,, Nn-2, N,. Therefore, one 

has t o  form 

&JP) = g,(d + X,hJP) (7) 

x,= - m 

Tlie s igns of &(p) determine the necessity of the formation of 

A d d .  

These processes of reducing the degree of the preceding equa- 

t i on  i s  continued as long  as 20 sign change occws i n  the reduced 

equation, a t  most u n t i l  an equation of second degree which i s  reached 

af te r  n-2 s teps .  If a l l  the reduced equations are free of s ign  

changes, then 

the sequence of equations &(p)  

the pure imaginary roots  of A(p) , if  A(p) possesses such roots .  

N, = 0; since N, i s  not changed by t h i s  procedure then 

ends i n  t h a t  equation vhich has  only 

= -1 f o r  a l l  the  reduction I n  general ,  it i s  appropriate t o  s e t  p1 

steps,  so t h a t  

co+c2+c*s .. 
x =  ci-;c,+c5+. . . 

The necessary divis ions by (p+l) are car r ied  out  by Horner's method. 

0 
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Schur 111 c l a s s i f i e d  the  propose2 polynomial A(p) of the  n-th 

degree with cnother A*(p) 

a r e  mirror-images of the  roots  of A(p) 

incry axis; he uses the  expression already appl ied by Hermite (21 

f o r  si151.ar inves t iga t ions  

of the  same degree, the roo t s  of which 

with respec t  t o  the  i m g -  

F(p,Pl) = 4++(Pl)A(P) - O*C(P)A(Pl) = 0 ( 9 )  

foi- the  reduction process. F(p,pl) i s  d i v i s i b l e  by p-pl. 

If,  for real coe f f i c i en t s ,  one sets 

d P )  = %(P) + Ph(P) 

A*(P) = a l g ( d  + Plh(P) 

then 

b r  

Emression ( 9 )  therezorc corresponds t o  (2) o r  ( 5 )  respect ively,  

except fo r  a constant factor. 

F i r s t  Example: Stable Case 

Let  the aseunied equation be 

:i(p) = 8p6 + 13P5 + 1 . 2 0 ~ ~  + 1 3 7 ~ ~  + 4 5 0 ~ "  + 2302 + 322 = 0 

For p1 = -I-, 

322+450+120+8 = .25 11 =. . 
250+137+13 

322 = o 
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As the  f igu re  of t h e  roo t  curves also shows, LSxl(p)- and e spec ia l ly  

injjL2(p)> Ax,(r) and AXn(p)- has t h e  forced root  pl = -1; by means 

of the  introduct ion of AI. an o r ig ina l  p a i r  of complex roots  degen- 

e ra t e s  i n t o  two real roots  of which one (p l )  can be s p l i t  off by 

;>cans of Horner s method. 

The method is  

8 29.25 120 303.25 450 562.5 322 
-1 -8 -21.25 -98.75 -209.5 -240.5 -322 

8 21.25 98.75 209.5 240.5 322 

and 

~ , ( p )  = 5 9 9 6 ~ ~  + 3 9 4 2 . 7 5 ~ ~  + 6 8 8 3 6 ~ ~  + 28162.5~ + 14986 = O 

Si.!ilarLy, for x3 = 6.97 

A&) = ~3 + 3 . 6 6 2 ~ ~  + 8.013 + 25.286 = o 

and fo r  X, = 3.212 

Since i n  the s e r i e s  of Av(p) none of these equations sliows a s i g n  

change, then A(p) has no roots R > O ;  s ince  fu r the r ,  A,(p) 

has no pure img ina ry  roots  the  l i m i t  case of s t a b i l i t y  i s  not d i s -  

cussed. Therefore, A(p) has only roots  Rc 0 -  
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Second Example: L i n i t  case of s t a b i l i t y  

~ ~ ( p )  = 6 p7 + 4p6 + 8p5 + la4 + 13p3 + 12p2 + 6p + 4 = o 

reduces f o r  11 = 3/7; X, = 9/5; h3 = 7 /2  t o  the  reduced equations 

(p) = 8p6 + 20p5 -I- 44p4 + 40p3 + 64p2 + 20p + 29 = gl (p) + 

hl (P)  = 0 
L .  

~ ~ ( p )  = 40p5 c 1402'* + 80p3 + 2 8 0 ~ ~  + 4op + 140 = ga(p) -I- 

h,(P) = o 
4 /h(p) = 2Qp + %p3 + 28 = gs(p) + h,(p) = 0 

vi th  the  double-root-pair 

Third. Example: Unstable case 

p = fi which i s  also a root -pa i r  of A(p). 

The exmrple given by Schur [11 is 

A(P) = 8p5 + 4p" + 7p" + B2 + p + 1 = 0 

Foi* h, = 3/8 we obtain 
0 

hLl(p) = 40p5 + 32p4 + 35P3 + 40p2 + + 8 = O 

Horner's iiethod 

-1 
4.0 32 35 4 0 5  8 

-40 6 -43 3 -8 
-0 43 -3 8 43 

yields,  i n  its last line, the  coef f ic ien ts  of Al(p)  

chance. Therefore, it produces i n s t a b i l i t y .  

with a s ign 
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